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The t rans fe r  of radiant  energy in moving media is descr ibed by a set of integrodifferential  equations~ 
The integral t e rm in these equations necessi ta tes  an enormous number of calculations. In th ree -d imens ion-  
al or even ax isymmetr ic  flows it is necessa ry  to evaluate a quadruple integral  at each point of space. 

In this paper we consider  the case  of local thermodynamic equilibrium, assuming that the spectral  
lines are  both t empe ra tu r e -  and pressure-sh i f ted .  The absorption coefficient of the gas is taken in idealized 
form,  which substantially simplifies radiat ive heat t ransfer  and enables us to integrate explicitly the t r a n s -  
fer  equation, In the case of spherical  symmetry ,  which is considered as an example, the simplification is 
g rea te r  still and leads to differential equations without the integral  t e rms .  If radiat ion and absorption occur  
in a finite number of spectra l  lines, the resul tant  amounts of heat received by a par t ic le  due to radiat ion can 
be found by simple summation over  the charac te r i s t i c  line frequencies.  This representa t ion  of the absorp-  
tion coefficient can be used as a basis for numerical  methods.  

1. The motion of a radiating ideal gas in the case  of local thermodynamic equilibrium is descr ibed by 
the following system: 

op + divpv = O, Ov t ' o-T -g~ + (v.V) v + T V p  = 0 

00_[ pvZ Ot \ 2 - ~ g i ) + c l i v o v ( ~  + H ) :  Q (1.1) 

p = p ( v , T ) ,  ~ = ~ ( v , T ) ,  H = ~ ( ~ , f )  

where t is time, v is the velocity vector ,  p is density, p is p ressure ,  T is temperature ,  i is the internal 
energy per unit mass ,  and tt is the enthalpy per unit mass .  

The radiant energy flux per unit volume in the case of continuous functions is [1] 

Q : f 
0 0 0 0 

P• as ~- J ' -  B~ 

(1.2) 

(1.3) 

where the last  differential cor responds  to the f i rs t  integral,  the next - to- las t  differential cor responds  to the 
second integral,  and so on. The quantities s, 0, and go are  polar coordinates (s -> 0) with origin (s = 0) at a 
given point of three-dimensional  space; v is the frequency; x v is the absorption coefficient at the par t icular  
frequency; Jv is the intensity of the radiant  energy flux at frequency v along the r ay  0 = const, ~= const in 
the direct ion toward a given point; and B v is the rat io of the emiss ion and absorption coefficients at the 
frequency v. The intensity Jv is determined using the t ransfer  equation (1.3) and the boundary condition 
which depends on the par t icular  problem. The signs in Eq. (1.3) and in the corresponding equations in [1] 
are  different because here  we are  considering the radiant energy flux in the direction of decreasing s, 
whereas  in [1] the flux is in the opposite direction. In the case of local thermodynamic equilibrium 

By ~ 2h~3 t 
e ~ exp (h~ / kT) --  i 
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where  h is P l anck ' s  constant,  k is Bo l t zmann ' s  constant,  and c is the speed of 
lighL 

The quantity Q gives the energy  r ece ived  by a par t ic le  due to radiat ion.  
The f i r s t  t e r m  on the r igh t -hand  side of Eqo (1.2) r e p r e s e n t s  the quantity of radiant  
energy abso rbed  per  unit volume,  This is absorbed  f rom the energy  which a r ives  
along all d i rec t ions  with intensi ty Jv o Integrat ion with r e spec t  to the f requency 
yields  the total  amount of absorbed  energy,  The second t e r m  on the r ight -hand 
side of Eq. (1.25 gives  the total  amount of energy  emit ted  per  unit volume.  

The t r a n s f e r  equation given by Eq. (1o35 shows that the intensi ty Jv in the 
d i rec t ion of dec reas ing  s is i nc reased  by emiss ion  (the t e r m  B v ) and is reduced  
by absorp t ion  (the t e r m  Jv )- If there  is no absorpt ion,  Jp is de te rmined  by s i m -  
ple in tegrat ion of - p X v J v  with r e s p e c t  to s. On the other hand, if there  is no 
emiss ion  ( J r  = 05, the homogeneous equation given by Eq. (1o35 de t e rmines  the 
change in the intensi ty Jv due to absorpt ion  alone. These  e l e m e n t a r y  r e m a r k s  
will be used below. 

The c h a r a c t e r i s t i c  fo rm of the dependence of ~v on v in the case  of line 
emis s ion  is shown in Fig. 1. Moreover ,  •  is a lso  a function of t e m p e r a t u r e  and 
p r e s s u r e ,  i .e. ,  ~v = ~ ( v ,  p, T)o The dependence on p and T changes the shape of 
the curve  (Fig~ 1) and shif ts  it toward other f requencies .  A rev iew of line e m i s -  
sion is given in [2]. 

In the case  of na r row lines,  Le. ,  shor t  v - in t e rva l  in which x v # 0, the 
s imples t  approx imate  approach to the calculat ion of the rad ia t ive  ene rgy  t r a n s f e r  
is obtained by wri t ing 

g~----K(p, T) 6 ( v - - % )  (1~ 

where  5 (v -v0) is the Di rac  5-function,  and v 0 = n(p, T) is the f requency c o r -  
responding to the center  of g rav i ty  of the a r e a  between the ~v curve  and x =  0 
in Fig. 1 (this choice of the function 0 is made  in o rde r  to be specific).  At the 
s a m e  t ime,  

o ,  

K (p, T) = f z~dv 
o 

We a s s u m e  that at l eas t  one of the de r iva t ives  0n/0p, 0n/0T is not zero  at each point. 

The val idi ty of the above fo rm of xu and the e r r o r  introduced by this r ep re sen ta t i on  is not inves t i -  
gated here .  

The t r a n s f e r  equation given by Eqo (1.3) can be fo rmal ly  in tegra ted  if we suppose that  all the functions 
in this express ion ,  except  J v ,  a r e  known [1]. At the point which we a re  considering,  the quantity s is ze ro  
(s is the radia l  d is tance  in spher ica l  polars ) .  Suppose that  the rad ia l  d is tance to the boundary of the region 
is S (0, q~). It follows that if we r equ i r e  the intensi ty J r ,  a r r iv ing  at s = 0, integrat ion yields ( r > 0) 

S 

J~+ (0) = d~ (S) e -*~+(~ + lim i Bye%+(~ ~')n~P ds' (1.5) 
E~O 

s '  

%" (0, s') = lim~._,o ! nvp ds" (1.6) 

The s u p e r s c r i p t  + r e f e r s  to the l imit  r = + 0. The  quantity Jv (S) in Eq. (1.5) is the intensi ty of 
rad ia t ion  of f requency v which t r a v e l s  away f rom the boundary of the region in the di rect ion defined by 
and (p. The quantity T v is cal led the optical th ickness  of the l ayer  (0,s ')  at  the f requency v~ 

If the boundary l ies  at infinity in the d i rec t ion 0, q~, and the radiant  energy  flux propagat ing f rom 
infinity toward the given point is zero,  then 

J~* (0) = lim ! B~e -%+(~ ~')~p ds' (1.7) 
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2. T h e r e  i s  no d i f f i cu l t y  in us ing  Eqs .  (1.5) and  (1.3) when the  a b s o r p t i o n  c o e f f i c i e n t  i s  con t inuous .  
When i t  i s  g iven  by a 6 - func t ion ,  t he  a b s o r p t i o n  of r a d i a n t  e n e r g y  in the  n e i g h b o r h o o d  of a g iven  po in t  m u s t  
be  found by c a l c u l a t i n g  Jv s e p a r a t e l y  b e f o r e  and a f t e r  t h e  f lux p a s s e s  th i s  point .  T h i s  r e q u i r e s  a p r e l i m -  
i n a r y  d e t e r m i n a t i o n  of the  o p t i c a l  t h i c k n e s s  

S 

~1 ~- Tv + (0, 3), ~2 = T~- (0, S) ---- l im f u~p ds" (2.1) 
e--,@ _ ~  

Le t  us deno te  the  po in t  under  c o n s i d e r a t i o n  by a .  In t h e  s p a c e  which we a r e  c o n s i d e r i n g  we can  d r a w  
a p l a n e  th rough  the  r a y  a c  l e av ing  po in t  a with g iven  0 and ~0. Le t  us s u p p o s e  tha t  t h i s  p l a n e  l i e s  in the  
p l a n e  of  F ig ,  2. The  l ine  of  i n t e r s e c t i o n  of  the  b o u n d a r y  of  the  r e g i o n  with our  p l ane  wi l l  be de no t e d  by f g .  
Suppose  f u r t h e r  tha t  the f r e q u e n c y  v 0 = n (p, T) c o r r e s p o n d s  to p and T at  a .  Le t  us i s o l a t e  a s u r f a c e  in the  
t h r e e - d i m e n s i o n a l  r e g i o n  in which  the  f r e q u e n c y  v 0 i s  equa l  to t h e  f r e q u e n c y  n at  ao T h e  l ine  of i n t e r -  
s e c t i o n  of  t h i s  s u r f a c e  with our  p l a n e  wi l l  be deno ted  by ahbd .  (If v 0 i s  i ndependen t  of p r e s s u r e , a h b d  wi l l  be 
an i s o t h e r m ) .  We a s s u m e  h e n c e f o r t h  tha t  the  s t r a i g h t  l ine  a c  cu t s  t h e  s u r f a c e  of c o n s t a n t  f r e q u e n c y  v 0 at  
two po in t s .  G e n e r a l i z a t i o n  to m o r e  c o m p l i c a t e d  c a s e s  p r e s e n t s  no d i f f icu l ty ,  but  the  a n a l y s i s  i s  m o r e  
d i f f i cu l t  to i n t e r p r e t .  

Gas  in the  n e i g h b o r h o o d  of  poin t  a can  a b s o r b  r a d i a n t  e n e r g y  on ly  a t  the  f r e q u e n c y  v 0 c o r r e s p o n d i n g  
to Pa and T a . T h e r e f o r e ,  we s h a l l  conf ine  our  a t t en t ion  to the  e m i s s i o n  a t  t h i s  f r e q u e n c y  when we c o n s i d e r  
po in t  a .  F o r  the  s a k e  of  s i m p l i c i t y ,  the  c o r r e s p o n d i n g  s u b s c r i p t  i s  not w r i t t e n  out  e x p l i c i t l y .  We can  now 
s e e  the  p r i n c i p l e  which fo l lows  f r o m  the  c h o s e n  r e p r e s e n t a t i o n  of the  a b s o r p t i o n  c o e f f i c i e n t  g iven  by Eq, 
(1.4) and g r e a t l y  f a c i l i t a t e s  t he  a n a l y s i s  of e n e r g y  t r a n s f e r  p r o c e s s e s :  r a d i a n t - e n e r g y  t r a n s f e r  i n s i d e  the  
r e g i o n  o c c u r s  on ly  be tween  p o i n t s  on s u r f a c e s  wi th  t he  s a m e  f r e q u e n c y  v 0. 

L e t  us f i r s t  c a l c u l a t e  ~'1 which  i s  g iven  by Eqs~ (2.1) and  (1.6)o If a t  the  poin t  t on the  s t r a i g h t  l i ne  a c  
the  funct ion  n(p, T) r e a c h e s  a m a x i m u m  o r  a m i n i m u m ,  then  by us ing  Eqs .  (1.4) and  (1.6) we can  r e w r i t e  
Eq. (2.1) in the  f o r m  

s t  S 

lira !FJ+  iFd  (2.2) 
e ~ O  s t  

F = K (p, T) p6 in (p, T) - -  v0]. 

I t  fo l lows  f r o m  th i s  f o r m u l a  tha t  F = 0 fo r  s ~ 0 and  s ~ Sb, s i n c e  a t  a l l  o t h e r  po in t s  e m i s s i o n  and 
a b s o r p t i o n  o c c u r  a t  o t h e r  f r e q u e n c i e s ,  and  n(p ,  T) ~ v 0. 

The  i n t e g r a t i o n  i s  c a r r i e d  out a long the  s t r a i g h t  l ine  a c  on which  p = p (s) ,  T = T (s), and  p = p  (s) ,  
and,  consequen t l y ,  n i s  a func t ion  of s.  W h e n e v e r  n i s  a mono ton i c  func t ion  of s , w e  can  w r i t e  

I a n  dr  an dp~-I  (2.3) 
ds" = m dn,  m = ~, ST d,~ -]- ~p  -~-] 

The  q u a n t i t i e s  T and p a r e  func t ions  of  t i m e  and of  s p a c e  c o o r d i n a t e s .  The  t o t a l  d e r i v a t i v e s  in the  l a s t  
equa t ion  r e p r e s e n t  d i f f e r e n t i a t i o n  a long  a c a t  g iven  t i m e .  Subs t i t u t ing  Eq. (2.3) in Eq~ (2.2), and  r e m e m b e r -  

ing  tha t  F = 0 fo r  s ~ (0, s t ) ,  we  ob ta in  

"q = f m K p 6  (n - -  ~o) dn  
n t 

w h e r e  m,  K, and p a r e  now r e g a r d e d  as  func t ions  of n a long tc .  

E a r l i e r  we a s s u m e d  tha t  the  s t r a i g h t  l ine  a c  cu t s  the  n = v 0 s u r f a c e  on ly  at  a and  b. If t h e r e  a r e  no 
o t h e r  s u r f a c e s w i t h  n = v 0 in s p a c e ,  then  the  e q u a l i t y  n = v 0 wi th in  the  i n t e r v a l  (0, s) i s  r e a c h e d  on ly  at  b. 
Us ing  the  l a s t  equat ion ,  we have  

~1 = (mKp)~ s ign [dn~ \ d s / b  = (I ml Kp)b (2.4) 
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w h e r e  we have  u sed  the  f ac t  tha t  

c~ 

f 5(n--~o) d n = l  
0 

The  d e r i v a t i v e  d n / d s  is  e v a l u a t e d  a long  the  s t r a i g h t  l ine  a c .  

L e t  us now f ind  the  q u a n t i t y  ~'2 g iven  by Eqo (2.1). If we r e c a l l  Eq. (2.2),  we m a y  w r i t e  

�9 2 = l i ra  i n~p ds" ~ T1 

A s  b e f o r e ,  we can  w r i t e  ds  n in the  f o r m o f E q .  (2.3) and,  us ing  Eq. (1.4),  we f ind tha t  

n E 

1:2 ~- lira f mKp6 (n - -  Vo) dn -~- ~:1 ( 2 . 5 )  
e ~ 3  n e 

w h e r e  n_r  and ne a r e  the  f r e q u e n c i e s  n(p, T) c o r r e s p o n d i n g  to the  v a l u e s  of p and T fo r  s = - r  and  s = r 
on the  s t r a i g h t  l ine  a c .  If  t he  func t ions  p and T a r e  con t inuous  a long  t h i s  l ine ,  90 l i e s  be tween  n _ r  and n r  
H e n c e ,  the  i n t e g r a l  in the  l a s t  equa t ion  can  be e va lua t e d ,  and Eq.  (2.5) y i e l d s  

~ = (Ira I Kp)a + ~ (2~ 

When we c a l c u l a t e  t h e  t o t a l  r a d i a n t  e n e r g y  flux Q we need  to know J~ and,  consequen t ly ,  T~ a s  wel l ,  for  a l l  
the  v a l u e s  of  0 and q~ u sed  in Eqo (1.2)o The  quan t i t y  m a in t he  f o r m u l a  can  c o n v e n i e n t l y  be  t r a n s f o r m e d  to 
a f o r m  which  does  not  con ta in  d e r i v a t i v e s  with r e s p e c t  to s in d i f f e r e n t  d i r e c t i o n s .  Us ing  Eq.  (2.3), we can  
w r i t e m  a ( 0 ,  ~) in the  f o r m  

m a = [ ( V T . s )  an Onl-I ~ -  § (Vp. s) ~-fp.j (2.7) 

w h e r e  s i s  a uni t  v e c t o r  de f ined  by 0 ,  q~ and d r a w n  in t he  d i r e c t i o n  of i n c r e a s i n g  s; and  the  p a r e n t h e s e s  on 
the  r i g h t - h a n d  s i d e  denote  s c a l a r  p r o d u c t s .  

3. L e t  us  now d e t e r m i n e  the  i n t ens i t y  Jv at  the  f r e q u e n c y  v0, which a r r i v e s  a t  po in t  a .  In the  c a s e  of 
bounded  o r  in f in i t e  r e g i o n s ,  t h i s  can  be found f r o m  Eq.  (1.5) o r  Eq. (1.7).  The  s e c o n d  t e r m  on the r i g h t -  
hand  s i d e  o f  Eq. (1o5) can  be w r i t t e n  a s  t he  s u m  of  t h r e e  i n t e g r a l s :  

S Sb - - e  ~v+( 0, Sb~-~) S 

l imf  B~e-%+(~ I B~e-~+:4"pds'--lim f B~de~%++lim f Bve-'~+z'pds' 
E--~0 E r e e--~O T,~+(0, S b - - e  ) e ~ 9  Sb_~e 

The integrands in the first and third terms on the right-hand side of this equation contain the factor 

~4 v which is zero for s' ~ (0, s b) and s' ~ (Sb, S). The other factors are bounded. It follows that the first 

and third terms are zero, and if we evaluate the integrals, we obtain 

- -  B,,b l i m  [e -~+(~ %+r - -  e -~'+(~ Sb-*)] 
r 

+ + + 
H o w e v e r ,  T v (0, S b + ~) = 7 V (0, S) = ~'1, s i n c e  x v i s  z e r o  fo r  s ~ (Sb, S]. M o r e o v e r ,  , v  

(0, s b -  g)  = 0, s i n c e  the  quan t i t y  ~ fo r  s ~ (0, s b) i s  a l s o  z e r o .  F i n a l l y ,  by c o m p a r i n g  the  l a s t  r e s u l t s  
wi th  Eq.  (1.5),  we c o n c l u d e  tha t  

J j  (0) = Yv (,7) e -r + B~b (i - -  e -~-1) (3.1) 

w h e r e  T 1 is  g iven  by Eq.  (2.4).  

In the  c a s e  of an unbounded r e g i o n ,  and in the  a b s e n c e  of  r a d i a t i o n  at  inf in i ty ,  Eq. (1.7) shows  tha t  

J~+ (0) = B~b (i - -  e -~,) (3.2) 

w h e r e  we have  u sed  the  fac t  t ha t  zv + (0, co) = ~'l s u b j e c t  to the  cond i t i on  tha t  the  r a y  a c  i n t e r s e c t s  t he  s u r -  
f a ce  with c o n s t a n t  n(p ,  T) = v 0 on ly  once .  
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The f i r s t  t e r m  on the r i g h t - h a n d  s ide of Eq. (3.1) has  the usual  f o r m  and shows the r educ t i on  in the 
r ad ian t  ene rgy  flux with the opt ica l  t h i c k n e s s  of the l ayer .  The  second  t e r m  on the r i g h t - h a n d  s ide  of Eq. 
(3.1) and the r i g h t - h a n d  s ide of Eq. (3.2) g ives  the r e s u l t a n t  in tens i ty  Jv p roduced  by an e l emen t  of the 
su r f ace  with n = v 0. 

Le t  us now d e t e r m i n e  the r a d i a n t - e n e r g y  flux pass ing  th rough  point  a on the  a s s u m p t i o n  that  t he re  is 
no e m i s s i o n  at a .  In the e -ne ighborhood  of a ,  the in tens i ty  Jv  will  be d e t e r m i n e d  by the homogeneous  
v a r i a n t  of Eq. (1.3): 

oJ~ 
os --px~J~ 

If we in t eg ra t e  along ac ,  we obtain 

J~- (0) = lira Jr (--  e) = J,+ (0) e ('=-'-) 
r -'-~0 

w h e r e  r 2 - r  1 is r e a d i l y  found f r o m  Eq. (2.6): 

xa = % --  T 1 = (Iral gp)a (3.3) 

T h e  quant i ty  by which the in tens i ty  has  been r e d u c e d  on pas s ing  th rough  a is given by the d i f f e rence  
AJ v (0) = Jv  + (0) - J r -  (0). F o r  a bounded r eg ion  we have 

and when Jv (S) = 0 

AJ~ (0) = (t - -  e -~*) [J~ (,5) e -~, ~- By b (l - -  e-~,)] 

A Jr (0) = Bvb (l - -  e -'q) (t - -  e -:,) 

w h e r e  we have used  Eqs.  (3.1) and (3.2). 

The  quant i ty  AJ v (0) is the in tens i ty  loss  due to abso rp t ion  at a .  

4. Le t  us now ca lcu la te  the tota l  r a d i a n t - e n e r g y  flux Qt a b s o r b e d  pe r  unit volume~ 

(3.4) 

(3.5) 

Let  us suppose,  to 
begin with, tha t  the abso rp t ion  coef f ic ien t  is cont inuous .  The loss  of in tens i ty  due to abso rp t i on  in a given 
d i r ec t ion  over  a path length ds at f r equency  v is dJ v = J ~ n  v de. The loss  of in tens i ty  in a cy l i nd r i c a l  
e l emen t  of  c r o s s  sec t ion  d~ and height  ds is JvPnvdsd(r or  Jvp~v  dw, where  dw is the vo lume  e lement .  
The loss  of in tens i ty  pe r  unit vo lume  is JvP~v .  To obtain the total  amount  a b s o r b e d  pe r  unit vo lume  we 
m u s t  in t eg ra te  with r e s p e c t  to f r equency  and so l id  angle.  As a r e su l t ,  we obtain the f i r s t  t e r m  on the r i g h t -  
hand s ide of Eq. (1.2) 

o o 2 , n  r~ 

QI= i i iPUJ~: sin#d~dePd" 
0 0 0 

Let  us now find the quant i ty  Q1 for  an abso rp t ion  coef f ic ien t  of  the f o r m  given by Eq. (L4) .  The  
change  of in tens i ty  in the cy l ind r i ca l  e l emen t  of c r o s s  sec t ion  da and height  ds in the d i r ec t ion  of  - s  at  
f r equency  v 0 is AJv(0)d~ . At  all  f r equenc i e s  n(p, T) c o r r e s p o n d i n g  to va lues  of p and T in the cy l ind r i ca l  
e lement ,  the  change  of flux is AJ  v (0) Idn /ds  I d~ ds o r  AJ  v (0) [ m l  -1 dw, whe re  m is g iven by Eq. (2.3). 
The loss  of flux pe r  unit vo lume  is A J  v I m I -1  To obtain the  total  flux a b s o r b e d  pe r  unit vo lume  we m u s t  
i n t eg ra t e  with r e s p e c t  to the sol id  angle:  

Q, = I f AJ~ (O) [ m l-l sin ~ de d~ 
0 0 

It is  not n e c e s s a r y  to i n t eg ra t e  with r e s p e c t  to f r equency  in this  c a s e  because  one defini te  f r equency  
c o r r e s p o n d s  to each point  in space .  

The  amount  of  e n e r g y  Q2 emi t t ed  pe r  unit vo lume  is  ca l cu la t ed  by in tegra t ing  the second  t e r m  on the 
r i g h t - h a n d  s ide  of Eq. (1.2). This  y ie lds  

Q~ = 4nB~K~p 
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The  d i f f e r e n c e  Q1-Q2 g i v e s  the  r e q u i r e d  quan t i ty :  

2g n 

Q = i f AJ~ (0)] m ]-1 sin @ de d(p --  4r~B,Kp (4.1) 
0 o 

w h e r e  a l l  t he  v a r i a b l e s  a r e  t a k e n  a t  a ,  AJ  v (0) i s  g iven  by Eq. (3.4) o r  (3.5),  and 
the  f r e q u e n c y  a t  a i s  t a k e n  f r o m  the equa t ion  u 0 = n(p ,  T). 

5. As  an e x a m p l e ,  l e t  us c o n s i d e r  a t  a g i v e n  i n s t a n t  the  f low of g a s  in un -  
bounded,  s p h e r i c a l l y  s y m m e t r i c  s p a c e .  The m e r i d i o n a l  p l a n e  of  t h i s  f low is  shown 
in F ig .  3, w h e r e  the  d i s t a n c e  r be tw e e n  a and  the  c e n t e r  of s y m m e t r y  O is  r 0. The  
ax i s  of  the  l o c a l  s e t  of s p h e r i c a l  c o o r d i n a t e s  s,  0 ,  q~ c o i n c i d e s  wi th  the  s t r a i g h t  
l i ne  Oa. 

At  a g iven  t i m e  t we know the  func t ions  p(r)  and  T(r ) ,  and h e n c e ,  us ing  Eq~ 
(1.1), we know p ( r )  a s  wel l .  L e t  us d e t e r m i n e  ~'1 = vu+ (0, r f o r  1/2~ - 0 - 7r, 
by  m e a n s  of Eq. (2.4).  T h e  q u a n t i t i e s  K, p ,  On/b T, 0n/O p depend  on ly  on r and  t,  
but  a r e  i n d e p e n d e n t  of  0 and go. At  a g iven  t i m e  the  d e r i v a t i v e s  a long  the  d i r e c t -  
ion a b  in Eq. (2.3) a r e  

OT __ OT(r, t) dr Op Op(r, t) dr 
Os Or ds ' Os - -  Or ds 

w h e r e  d r / d s  i s  the  d e r i v a t i v e  a long  a b .  I t  fo l lows  f r o m  Fig .  3 tha t  

r = ] / ' s  2 + 2 r~  cos @ -4- ro ~ 

dr I s ~- ro cos @ . . . .  (5.1) 
d-~- r=r., = ]'fs ~ 4- 2ros cos @ q- ro ~ = -- cos @ 

and  

Op \-i  
vl = - -  Kp s ign  \ dr ] \ OT ~ -}- -~p 

We e m p h a s i z e  tha t  a t  t i m e  t a l l  the  q u a n t i t i e s  o t h e r  than  sec  0 
f o r e  c o n v e n i e n t  to w r i t e  

(r = ro) 

a r e  func t ions  of r a lone .  I t  i s  t h e r e -  

�9 1 = - -  N ( r ) s e c ~ , .  N ( r ) =  K p  ~dn -1 ( ~-~--~ @ ~.~ g') ( 5 . 2 )  

L e t  us  d e t e r m i n e  ~'s u s ing  Eq. (3.3) and  the  e x p r e s s i o n  fo r  m a in the  f o r m  (2.7)~ When  l/zrr-< 0 
we  h a v e  

dn dn 
sign ~ = --  sign -~r 

and  the  r e s u l t  i s  

T h e  s i m p l i c i t y  of t h i s  equa t ion  l i e s  in tha t  the  acu te  a n g l e s  b e t w e e n  the  c h o r d  a b  and  the  t a n g e n t  to 
t he  c i r c l e  r = r 0 a t  the  po in t s  a and  b a r e  equa l  in a b s o l u t e  m a g n i t u d e .  

L e t  us now d e t e r m i n e  Q. Us ing  Eqs .  (2.7), (5.1),  (3.5), and  (4.1),  r e m e m b e r i n g  tha t  A J  v (0) = 0, if  
0 ~ [0, r / 2 )  and s u b s t i t u t i n g  z = - s e c  0 ,  we f ind  tha t  

i o ~ o T  o ~ o p  i eN~~176176 AY,, (0) { m 1-1 sin @ dO = - -  " ~  ~ -}- Op Or By (t  - -  @ s in  @ d0 
0 n/2 

co 

= B y  ~rr S (t 2e -Nz - Nz dz 
1 
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where 

tgq (R) --  ~ e -nz dz --  - y ,  qEq+ 1 ([t) : e -R --  REq (R) 
1 

The function El(R) = Ei(R) is d iscussed in [3] and the function N is given by Eq. (5~ 

The integral  with r e spec t  to O depends only on r and thus is independent of go. 
grat ion with r e spec t  to go in Eq. (4.1) resu l t s  in a factor  of 2w and hence, finally, 

It follows that inte-  

Q=2~B'~ ~@-I [~--2Es(N)-I -Ea(2N)I--4nBvK p 
(5.3) 

where all the quantities a re  determined at given r and, moreover  

dn On OT On Op N K dn  [-1 
dr - -  OT Or -~ ()p Or ' = P I'-~'r 

In the energy equation for the system, which is given by Eq. (1.1), the quantity Q is now a function of 
r ,  as given by Eq. (5.3). 

6. If there  is a number of emiss ion and absorption lines in the spectrum of the gaseous medium (Fig. 
4), the absorption coefficient can be written in the form 

L 
= ~, Kl (p, T) 6 Iv - -  vl (p,  T)I 

where K l (p, T) is the a rea  between the corresponding par t  of the graph of ~(v) and the n = 0 axis. The 
values of v l will determine the absc i ssa  of the centers  of gravi ty  of these areas .  

The function ~(v) shown in Fig. 5 (noncoherent emission) can also be represen ted  approximately 
in this form. 

At point a ,  the p r e s s u r e  and tempera ture  are  p and T, and the corresponding frequencies are  
v 1 (p, T), v 2 (p, T ) , . . . v L ( P ,  T). The gas at a can absorb and emit  energy at these frequencies.  Let  us con-  
sider the surfaces  v = V~a , v =p2a . . . .  ,p = U L a .  Suppose that a r ay  defined by 0, go cuts these surfaces  at 
points bt, b 2 . . . . .  b L. Fo r  each of these frequencies,  surfaces  with other frequency values will be optically 
t ransparent .  This means that at each frequency the intensity loss A J v l  (0) due to absorption at a can be 
calculated as before f rom Eqs. (3.5) or (3.4), where b is the point of intersect ion of the s traight  line ac  with 
the surface  on which v has the corresponding value V l a =  v l (Pa, Ta).  

As an example, when Jv (S) = 0, we have 

hJ~l (0) = B~tb (1 -- e-Ul) (1 -- e-'a~) 

xll = ([m~l Kz p)b, ~3 = ([rail Kzp)a 

(o~z OT . O~l Op~ -x 
m z = \ DY-  ~ ~- ~ -57/ 

where the subscr ipts  v l cor respond  to the frequency v l , and a and b denote the corresponding points. 

The loss AJ (0) due to absorption at a at all frequencies is given by the simple sum 

AJ (o) = A:~I (o) + AJ~ (o) + . . .+ J,,L (o) 

The rad ian t -energy  flux is now given by a formula analogous to Eq. (4.1): 

L ~ L 
Q = Z i I A J ( O ) [  m F l s i n t ~ d ~ d q ) - 4 g p ~  BvzKt 

l~1 0 0 l ~ l  

but if there  are  a number of sur faces  with the same value of u l we must  sum over these surfaces  as well. 
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Note Added in ProoL The value of Q2 given on p. 14 is incorrect~ In fact, the amount of energy  
emit ted  per  unit vo lume is 

O~ : 2nBvalVn [i -- 2E 3 (pK I Vn[ -1)] 

This r e s u l t  can be obtained by analogy with the case  of the radia t ion emi t ted  by a thin layer .  

lo 
2~ 
3. 
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